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We introduce snoc-trees which generalise snoc-lists, i.e., backwards lists where new elements are
added at the back rather than at the front of the list. We uncover the categorical and computational
structure of snoc-trees using both functorial and container-theoretic approaches, and show the power
of their associated fold operator. We relate snoc-trees to the usual trees arising from initial algebra
semantics, and demonstrate the use of snoc-trees via an example arising from a type theoretic variant
of compositional sampling from a probability distribution.

1 Introduction

Trees are a ubiquitous in computer science. Their formal definition can be given set theoretically (e.g.
using tree domains) but this is a poor approach due to low levels of abstraction. A much better approach
— widely adopted in functional programming, type theory and category theory — is to define trees via
initial algebra semantics [13]. This offers a formal denotational semantics for inductive data types as the
initial algebra of a functor; from this single concept one can derive introduction rules, elimination rules,
computation rules, and extensionality rules. The theory is also robust, scaling to more complex forms of
data structures including mutually recursive data types, inductive families, and inductive-recursive types,
among others. Applications in functional programming include fold combinators, Church encodings,
build combinators and shortcut fusion rules. Initial algebra semantics also has a dual final coalgebra
semantics, which is widely used across computer science to model e.g. dynamical systems with infinitary
behaviour [19]. Not bad for a tiny bit of category theory!

However, consider the following problem which highlighted to us the advantage of snoc-trees: how do
we create a universe of types all of whom support sampling? Here, sampling means a function that can
produce elements of a type according to a given probability distribution [5]. Our goal — as developed in
Section 5 — is to lift sampling from basic types such as Bool to arbitrary types in a universe including for
example coproducts, products, and inductive types. As we shall see, in lifting sampling to inductive types,
we naturally encounter the need for snoc-trees.

To be more precise, let D : Set→ Set be the (finite support) distributions monad [14], and let R : Set→ Set
be a monad encapsulating random effects. 1 To sample from a type A means to implement a function
f : DA→ RA which produces random values f (φ) of type A according to its input distribution φ . We
assume that we are given samplers for basic types such as Bool, and would like to compositionally
build samplers for other types in the universe using induction on type structure, as is typical in generic
programming. As a specific example, lets say we can sample from the type A, i.e., we have a function

1For example, see Example 1.1 and Example 1.4 in Moggi [17], and the Haskell package MonadRandom [12].
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of type DA→ RA, and we want to build a function to sample over lists containing data of type A, i.e.,
we want to build a function of type D(ListA)→ R(ListA). The algorithm will use an accumulator of the
list already built, as demonstrated by the following Agda [4] implementation — see Section 5 for a full
explanation of the code, but for now, the reader need only understand the overall structure:

sampleList : {A : Set} → (D A → R A) → List A → D (List A) → R (List A)
sampleList sampleA xs φ = do

r ← sampleMaybe sampleA (mapD head φ)
case r of λ where

nothing → return xs
(just a) → sampleList sampleA (xs ++ [ a ]) (reindexD (a ::_) φ)

It is far from obvious why this program terminates (and indeed Agda cannot see it), but note that this
paper is not about the correctness of this or any other sampling algorithm mentioned — that is the subject
of work currently being written up. Rather this paper is about the data structures needed by sampling.

The algorithm works as follows: at an informal level, we have already built the initial segment of the
output list xs. We construct from the distribution over lists φ a new distribution over whether we should
continue to build the list or just terminate and output the list xs. If we are to continue, we get the next
element a, add it to the accumulator, and continue to build the rest of the output list. That involves creating
a new distribution to continue to sample from. Crucially, this is not how we build lists usually, where
constructors add an element to the front of a list — rather we are adding an element to the end of a list.
Thus the algorithm is really building snoc-lists. Of course, snoc-lists are isomorphic to lists, so there is no
real problem from either theoretical or practical perspectives.

However, the problem becomes much more acute for more general inductive structures such as trees,
which involve branching. From a practical perspective, if we had a distribution φ over trees, how we
sample the left subtree and how we sample the right subtree are not independent. For example, the
distribution φ might have no probability mass if the left and right subtrees do not have the same size. Thus
we need to recursively sample not from a tree, but from a family of trees representing a joint distribution
over potential subtrees. Further, if the accumulator is the partially constructed tree, then we build the tree
not by creating a new root, but by adding to the growth points at the end of the partially constructed tree.
This naturally creates not normal trees but rather what we will call snoc-trees.

Figure 1 shows the intuitive difference between normal trees and snoc-trees. The former consist of a
constructor with all growth points filled in recursively by subtrees. The latter consist of a subtree with all
growth points filled in by constructors. This paper shows that all the goodies one gets from initial algebra
semantics actually apply to snoc-trees as well as normal trees, because initial algebra semantics is robust
enough to cover snoc-trees — one must just deploy initial algebra semantics in a different category!

Related work This paper is fundamentally about categorical approaches to data structures and how initial
algebra semantics can be used to model them. Initial algebra semantics was pioneered by Goguen [13]
and has since become the cornerstone of the categorical approach to data types. Of particular interest
in this paper is the extension of initial algebra semantics to higher kinded/ranked data structures [2, 15].
We have previously used snoc-trees in the study of data types for continuous functions [11] but their
presentation via inductive-recursive definitions [9] was all that was given. This paper, in contrast, develops
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(a) An ordinary tree with subtrees (b) A snoc-tree

Figure 1: Illustrative examples of ordinary trees and snoc-trees, and their differences. Here denotes a
growth point. Ordinary trees begin with a constructor which has a subtree at each of its growth points,
whereas a snoc-tree starts with constructors at the growth points of a subtree.

their fundamental theory and their motivation as a foundation for type-driven sampling. Containers were
introduced as a foundation for concrete data types by Abbott, Altenkirch, and Ghani [1].

2 Initial Algebra Semantics

The essence of initial algebra semantics is the following: Given an endofunctor F : C→ C on a category
C, we construct the category of F-algebras, denoted F-Alg, whose objects are pairs (X ,g) where X is an
object of C and g : FX→ X . A morphism (X ,g) to (Y,h) is a map α : X→Y in C such that α ◦g = h◦Fα .
The initial object of F-Alg is called the initial F-algebra and is denoted µF .

Example 2.1. Let FX = 1+A×X for some object A of Set. Then µF is the datatype of lists with
elements from A. If FX = 1+X×X , then µF is the data type of binary trees with no data at their leaves.

The existence of initial algebras is well studied, and there are mild conditions guaranteeing plenty of
initial algebras. For example, initial algebras exist if the underlying category has an initial object and
ω-colimits, which are preserved by the functor [3]. In the rest of this paper we assume initial algebras to
exist as needed. Note that if F : C→ C is a functor, we can consider the functor TF which sends X to the
initial algebra of the functor X +F . As is well known, TF is the free monad on F . Indeed, TF is itself an
initial algebra of the functor Id+F ◦− : [C,C]→ [C,C], that is,

TF = µK.Id+F ◦K.

This definition of T is an example of a rank 2 data type [2]. Intuitively, TF(X) are terms of the inductive
type specified by F with variables drawn from X . Since variables can be substituted for by further trees,
locations of variables in a tree will be described in this paper as growth points — this distinguishes such
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locations from locations of nullary constructors where no growth is possible. As µF = TF /0, we can see
that the initial algebra of a functor has no growth points. The fundamental intuitive difference between
normal trees and snoc-trees (see Figure 1) can now be described:

• Normal trees consist of a constructor, each of whose growth points is mapped to another normal
tree;

• Snoc-trees consist of a sub-snoc-tree, each of whose growth points is mapped to a constructor (each
of which have their own growth points).

This observation will be formalised in Sections 3 and 4, where we describe normal trees and snoc-trees
via functors and then via containers. For now, we note the primacy within snoc-trees of growth points
means their formal definition is given by a rank-2 definition [2]. This is the first of several fundamental
differences between normal trees and snoc-trees.

3 A Functorial Formalisation of Snoc-Trees

In this section we give a functorial presentation of snoc-trees. We give what we believe is the most natural
definition, namely one using initial algebras of functors over functor categories. This definition is the
cleanest and most abstract we have found, transparently shows the relationship with normal trees (and
calculi of explicit substitutions), and can be used to establish basic results such as an embedding from
snoc-trees to normal trees. We extract the associated elimination operator and show its use. We also
provide an alternative functorial definition, and show its equivalence to our initial algebra definition.

3.1 A Rank 2 Initial Algebra Semantics for Snoc-Trees

We define snoc-trees as follows, together with the free monad for comparison:

Definition 3.1. Let F : C→ C be a functor. We denote by µF the initial F-algebra, by F∗ the free monad
on F, and by F∗ the initial algebra of the functor Id+−◦F : [C,C]→ [C,C]. That is

F∗ = µK.Id+F ◦K and F∗ = µK.Id+K ◦F.

We call elements of F∗ ordinary trees, and elements of F∗ snoc-trees, both with labels described by F.

To understand both these definitions F∗ and F∗, note that both offer the possibility of terminating the
recursion via the Id constructor. If X is thought of as an object of variables, this means that each variable
is both a normal tree and a snoc-tree. The recursive case has, for normal trees F∗, the functor F after the
recursive call 2 meaning the constructors from F form the root of the tree, and all of the growth points of
F (by which we mean inputs of F) are attached to other normal trees. For snoc-trees F∗, the reverse is
the case, meaning that the root is given by a snoc-tree, and each of the growth points of that snoc-tree is
attached to a constructor from F . This matches both the intuitive description in Section 2 and Figure 1.
We note in passing the similar formula µK.Id+F +K ◦K representing a calculus of terms of F with an
explicit substitution operator.

2Recall F ◦K says first apply K and then apply F .
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Example 3.2. Let F : Set→ Set be the functor F(X) = X ×X . Ordinary trees F∗(Y ) are binary trees
labelled with elements from Y at the leaves. For example, the tree

y1 y2

y3

is represented by the element inr(inr(inly1, inly2), inly3). In contrast, snoc-trees for F are given by a
natural isomorphism with components inY : Y +F∗(Y ×Y )→ F∗(Y ). For example, one such snoc-tree is
inY (inr(inY×Y (inr(inY×Y×Y×Y (y1,y2,y3,y4))))) which we can visualise as

y1 y2 y3 y4

with dashed lines representing sub-snoc-trees.

We can immediately prove one intuitive relationship between snoc-trees and ordinary trees using the
universal property of snoc-trees:

Lemma 3.3. There is a function from snoc-trees to ordinary trees which preserve the labels of the trees.

Proof. Build a Id+−◦F algebra for F∗. The unit of F∗ gives one of the two maps required. The other is
the map F∗ ◦F → F∗ ◦F∗→ F∗ where the first map is derived from the freeness of F∗ over F , and the
second is the multiplication of the monad F∗.

At this stage, it might be tempting to think that normal trees and snoc-trees are isomorphic, generalising
the situation between normal lists and snoc-lists. This is not the case, because snoc-trees have all growth
points at the same depth from the root. This is formalised in Lemma 3.5 below.

Remark 3.4. We finish this section by considering the elimination rule for snoc-trees — what functional
programmers would call the associated fold-rule. If we write Nat(F,G) for the natural transformations
between functors F and G, pure initial algebra semantics gives the eliminator

foldG : Nat(Id+G◦F,G)→ Nat(F∗,G)

for every G : Set→ Set. At first sight, this seems limited — what does one do if one wants to define a
function, not a natural transformation? For example, given the functor FX = 1+X×X on Set, one might
want to do something simple like sum : F∗(Int)→ Int. The trick is to notice that this is indeed natural
for the right choice of functor: sum is a natural transformation from F∗KInt to KInt, where KInt is the
constantly Int-valued functor. For the example of sum, such a natural transformation is easy to give. In
general, more sophisticated examples require the use of Mendler Algebras or, categorically, right Kan
extensions [2, 15], which use initial algebra semantics to create a generalised fold operator for defining
natural transformations µF ◦G→ H.
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3.2 Alternative presentations of snoc-trees

Assuming C has (countable) coproducts, we can also give a concrete construction of F∗ as the coproduct
∑n∈N Fn, i.e., as the functor C→ C which sends X to ∑n∈N(F ◦ . . .◦F︸ ︷︷ ︸

n times

)(X).

Lemma 3.5. ∑n∈N Fn is the initial (Id+_◦F)-algebra; that is, F∗ = ∑n∈N Fn.

Proof. The algebra structure map Id+(∑n∈N Fn)◦F → ∑n∈N Fn is induced by the coproduct injections
inj0 : X → ∑n∈N Fn(X) and injn+1 : Fn(F(X))→ ∑n∈N Fn(X). Given an algebra [σ ,ρ] : Id+H ◦F → H,
we define a family of natural transformations θn : Fn→H by recursion on n: we set θ0 = σ , and θn+1,X =
ρX ◦θn,FX . The resulting natural transformation ∑n∈N Fn→H can be proven to be the unique (Id+_◦F)-
homomorphism ∑n∈N Fn→ H by induction on n and the universal property of the coproduct.

In general, initial algebras can be computed as a colimit; it is perhaps noteworthy that F∗ can be computed
simply as a coproduct instead. It is also natural to ask if F∗ can be characterised further beyond being an
initial algebra. It turns out that while F∗ is the free monad on F , F∗ is closely related to the free N-graded
monad on F .
Definition 3.6. Let (E, ·,1) be a monoid. An E-graded monad T on a category C consists of functions

Te : |C| → |C|,

for each e ∈ E, equipped with a unit transformation η and Kleisli extension operator (_)† such that

ηX : X → T1X

f †
d : TdX → Td·eY

for f : X → TeY . These operations are required to satisfy the following laws

f †
1 ◦ηX = f

(ηX)
†
e = idTeX(

g†
e ◦ f

)†
d = g†

d·e ◦ f †
d ,

for any g : Y → Te′Z.

In particular, we see that a 1-graded monad, where 1 is the trivial monoid with one element, is nothing
but an ordinary monad (in Kleisli triple form). We extend each Te : |C| → |C| to a functor Te : C→ C by
defining the action on morphisms Te( f ) = (η ◦ f )†

e ; this makes η a natural transformation η : Id→ T1.
See McDermott and Uustalu [16] for more on graded monads.

For each monoid E and category C, E-graded monads on C themselves form a category GrdMnd(E,C),
where a morphism T →U is an E-indexed family of natural transformations αe : Te→Ue which commutes
with the units and Kleisli extensions in the following sense:

X T1X

U1X

ηT
X

ηU
X

α1,X

TdX Td·eY

UdX Ud·eY

αd,X

f †
d

αd·e,Y

(αe,Y ◦ f )†
d
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For each grade e ∈ E, we have a forgetful functor Re : GrdMnd(E,C)→ [C,C] which sends T to Te. For
N-graded monads in particular, this forgetful functor at grade 1 has a left adjoint which is closely related
to F∗:

Theorem 3.7. The forgetful functor R1 :GrdMnd(N,C)→ [C,C] has a left adjoint, which sends F : C→ C
to the graded monad n 7→ Fn.

Proof. This construction is functorial: given a morphism in α : F → G, we define an N-graded monad
morphism αn : Fn→ Gn by recursion on n:

α
0 = id

α
n+1 = G(αn)◦αFn

or equivalently αn+1 = αGn ◦Fαn, by the naturality of α . Note in particular that α1 = α . We construct
a natural bijection on Homsets HomGrdMnd(N,C)(F_,M)∼= Hom[C,C](F,R1(M)): given α : F_→M, we

have α1 : F → R1(M), and given β : F → R1(M), we construct β̂n : Fn→Mn by recursion on n:

β̂0 = η
M : Id→M0

β̂n+1 = (β̂n)
†
1 ◦βFn : F ◦Fn→Mn

Using the fact that α is a graded monad morphism, and (ηX)
†
e = idTeX , these constructions are seen to be

inverse to one another.

We thank one of the reviewers for pointing out that the N-graded monad Fn also has been studied in the
field of coalgebraic modal logic, where it is used to control the depth of modal formulas and behaviour
functors [6]. As an aside, we note that the concrete construction of F∗ can be slightly generalised to
arbitrary N-graded monads over F at some grade k:

Remark 3.8. Given any N-graded monad G, a natural number k ∈N, and a natural transformation α : F→
Gk, the coproduct ∑n∈N Gn can be turned into an (Id+_◦F)-algebra induced by σ : X → ∑n∈N Gn(X)
and ρn : ∑n∈N Gn(F(X))→ ∑n∈N Gn(X), where σ is defined to be the composite

X G0(X) ∑n∈N Gn(X)
ηX in0

and ρn the composite

Gn(F(X)) Gn(Gk(X)) Gn+k(X) ∑n∈N Gn
Gn(αX ) µn,k inn+k

where the multiplication µn,k : Gn(Gk(X))→ Gn+k(X) can be defined for arbitrary graded monads as
µn,k = (idGnX)

†
k .

4 A Container-Theoretic Formalisation of Snoc-Trees

We have seen in Section 3.1 that snoc-trees can be understood as special cases of ordinary trees. The
converse is intuitively not the case: all growth points in a snoc-tree exist at the same depth, whereas
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this is not the case in an ordinary tree. Thus, in general, we cannot turn normal trees into snoc-trees.
However, we would like to prove that it is indeed possible to turn finitary normal trees into snoc-trees.
We call this process snocification. In order to state what we mean by finitary trees, we turn to the theory
of containers [1], also known as polynomial functors [10, 18].3 In this section, we restrict attention to
endofunctors on the category of sets.

Definition 4.1. A container (S,P) is given by a set S and an S-indexed family of sets P : S→ Set. The
extension of the container (S,P) is the functor JS,PK : Set→ Set given by JS,PK(X) = ∑s∈S (P(s)→ X).

For a container (S,P), we think of S as the set of possible shapes of the container, and P(s) as the set of
positions to fill with data for a given shape s ∈ S. This is made precise by the extension functor JS,PK,
which indeed says that an element in the container JS,PK(X) is given by first choosing a shape s, and then
filling all the positions P(s) with data from X .

Lemma 4.2 (Abbott et al. [1]). The identity functor is represented by the container (1,1). Given
containers (S,P) and (T,Q), the product of their extensions is represented by the container (S×T,(s, t) 7→
P(s)+Q(t)) while their coproduct is represented by the container (S+T, [P,Q]). The composition of the
extensions of (S,P) and (T,Q) is represented by the container (JS,PKT,(s,h) 7→ ∑p∈P(s) Q(h(p))).

The above lemma gives us the ingredients we need to consider the rank 2 definitions of F∗ and F∗ restricted
to container functors: if F is a container, then so are F∗ and F∗.

Theorem 4.3. Let (S,P) be a container.

(i) The extension of the container (S∗,P∗), where S∗ the least solution of

S∗ ∼= 1+∑
s:S
(P(s)→ S∗)

and

P∗(inl∗)∼= 1
P∗(inr(s, f ))∼= ∑

p:P(s)
P∗( f p),

is the initial algebra of Id+ JS,PK◦_.

(ii) The extension of the container (S∗,P∗), where S∗ and P∗ form the least family satisfying the equations
below, is the initial algebra of Id+_◦ JS,PK.

S∗ ∼= 1+ ∑
s∗:S∗

(P∗(s∗)→ S)

P∗(inl∗)∼= 1
P∗(inr(s∗, f ))∼= ∑

p∗:P∗(s∗)
P( f (p))

Proof. Result (i) is proven by Gambino and Kock [10, Thm 4.5]. Result (ii) follows from Lemma 4.2.

3We acknowledge categorical notions of size such as accessibility and finite presentability, but we also want to work with
containers for their concreteness.
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The equation for S∗ is a simple inductive definition, with P∗ a (large) recursive definition. The equations
for S∗ and P∗ can be understood inductive-recursively [8]: S∗ is defined inductively, simultaneously with
the recursive definition of P∗. Inductive-recursive definitions are proof-theoretically strong, but a more
frugal presentation of S∗ and P∗ is also possible by grading the definition over N. We define S′∗ : N→ Set
and P′∗ : S∗(n)→ Set as follows:

S′∗(0) = 1
S′∗(n+1) = ∑

s∗:S′∗(n)
(P′∗(s∗)→ S)

P′∗(x : S′∗(0)) = 1
P′∗((s∗, f ) : S′∗(n+1)) = ∑

p∗:P′∗(s∗)
P( f (p∗))

We can then show that S∗ ∼= ∑n∈N S′∗(n) and P∗(s∗) = P′∗(s∗), modulo this isomorphism. This gives a
foundationally weaker definition of S∗ and P∗ which is easy to work with as well.

The elements of S∗ represents snoc-trees, with growth points given by P∗ — more precisely, elements
of S′∗(n) represents snoc-trees of height n. If we substitute a tree for each growth point of an ordinary
tree, we again get an ordinary tree; this corresponds to the multiplication of a monad structure on trees.
However the same is not true for snoc-trees: the resulting tree might not be a snoc-tree any more, because
different subtrees might have different height. However, if the snoc-tree has no growth points, we can pad
it to a tree of higher height with a simple function

pad : {s ∈ S′∗(n) | P′∗(s) = /0}→ S′∗(n+1)

defined by pad(s) = (s, !) where ! : /0→ S is the unique function out of the empty set.

If we now have a finite number of snoc-trees, then we can always use this padding operation to make sure
that they all have the same height. In particular, if we start with an ordinary tree with finite branching
degree, then we can translate it to a snoc-tree: using the elimination principle for ordinary trees, we can
first translate all the subtrees, then pad them out to the same height k, and put them together as a snoc-tree.
This proves the following theorem:
Theorem 4.4. Given t ∈ JS,PK∗(X) where P(s) is finite for each s, there is a corresponding snoc-tree
t ′ ∈ S∗ with the same labels as t. Together with Lemma 3.3, this gives a retraction of trees onto snoc-trees:
if we translate a snoc-tree to an ordinary tree and then back to a snoc-tree again, we end up with the same
tree.

5 Sampling

We now return to the motivating example of sampling from the introduction. Our main example is an
implementation of tree sampling using a snoc-tree accumulator in Section 5.3, but we first warm up
sampling from coproducts and products in Section 5.1 and Section 5.2 respectively. This also helps build
up a compositional toolbox of samplers.

Sampling is about generating data according to a given distribution. Recall from the introduction that we
write D : Set→ Set for the distributions monad [14], and we let R be a monad representing randomness,
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e.g. following Moggi [17, Ex. 1.1] we could take R = Pfin to be the finite powerset monad modelling
nondeterminism, or we could use one of several monads used in Haskell to model randomness, such as
MonadRandom [12]. We work in Agda to ensure our definitions are well typed and, to avoid commitment
to specific implementations, we represent D and R as postulates

postulate
R : Set → Set
_>>=_ : {A B : Set} → R A → (A → R B) → R B
return : {A : Set} → A → R A

D : Set → Set
mapD : {A B : Set} → (A → B) → D A → D B
reindexD : {A B : Set} → (A → B) → D B → D A

Slightly surprisingly, our development so far does not require D to actually be a monad, but it does require
a contravariant as well as covariant action. Standard definitions of distributions support these actions. As
mentioned earlier, sampling for a type A means providing a function DA→ RA which takes as input a
distribution over A and returns an effectful element of A. We assume we can sample on Bool by making
another assumption

postulate
sampleBool : D Bool → R Bool

A possible implementation is to ask for a more basic primitive flip : R Bool for generating a random
bit, and to then use rejection sampling: use flip a finite but unbounded number of times to generate the
digits of a real number between 0 and 1. If the probability of ‘false‘ in the given distribution is greater
than this number, return false, otherwise true.

Next we do a simple example of compositional sampling by lifting sampling from a type A to the type
Maybe A:

maybeShape : {A : Set} → Maybe A → Bool
maybeShape nothing = true
maybeShape (just x) = false

sampleMaybe : {A : Set} → (D A → R A) → D (Maybe A) → R (Maybe A)
sampleMaybe sampleA φ = do

b ← sampleBool (mapD maybeShape φ)
if b

then return nothing
else do

a ← sampleA (reindexD just φ)
return (just a)

The function sampleMaybe takes the distribution φ : D(Maybe(A)) and uses the function maybeShape
and the functoriality of D to compute a probability distribution of whether the output will be a value or
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the constructor nothing. Sampling at booleans then extracts a boolean according to this distribution. If
the result is true then nothing is the right value, otherwise we need to decide which value to output. This
is done by sampling at type A and this requires φ to be restricted from a distribution over Maybe A to a
distribution over A via the contravariant reindexD.

5.1 Sampling From Coproducts

Sampling from a coproduct type is similar to sampling from MaybeA. To sample from A+B according to
a distribution φ over A+B, we first compute how much of the probability mass of φ is over A and how
much of the probability mass of φ is over B. This gives a probability distribution over Booleans, which
we can sample from to know which summand we are going to produce a value from. Once that is known,
we restrict φ to the probability distribution over that summand and then sample from that summand. Here
is the implementation:

samplePlus : {A B : Set}
→ (D A → R A) → (D B → R B) → D (A ⊎ B) → R (A ⊎ B)

samplePlus sampleA sampleB φ = do
s ← sampleBool (mapD [ (λ _ → true) , (λ _ → false) ] φ)
if s

then (do
a ← sampleA (reindexD inl φ)
return (inl a))

else (do
b ← sampleB (reindexD inr φ)
return (inl b))

5.2 Sampling From Products

When it comes to sampling from products, we fundamentally use Bayes’ Theorem, which allows us to
sample a product by sampling for one value and then sampling for the other value given the result of the
first sampling. Thus we have:

sampleTimes : {A B : Set}
→ (D A → R A) → (D B → R B) → D (A × B) → R (A × B)

sampleTimes sampleA sampleB φ = do
a ← sampleA (mapD fst φ)
b ← sampleB (reindexD (λ b → (a , b)) φ)
return (a , b)

This naturally extends to dependent pair types, with the same implementation:
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sampleSigma : {A : Set} {B : A → Set}
→ (D A → R A) → (a : A → D (B a) → R (B a))
→ D (Σ A B) → R (Σ A B)

sampleSigma sampleA sampleB φ = do
a ← sampleA (mapD fst φ)
b ← sampleB (reindexD (λ b → (a , b)) φ)
return (a , b)

By repeatedly applying sampleTimes, we can sample from finite products, but note that sampling from
infinite products in general is difficult.

5.3 Sampling From Inductive Types

We finish by showing how to sample from inductive types. As a precursor we tackle the simpler case of
lists to get a feel for the problem. Here is the code from the introduction again:

sampleList : {A : Set} → (D A → R A) → List A → D (List A) → R (List A)
sampleList sampleA xs φ = do

r ← sampleMaybe sampleA (mapD head φ)
case r of λ where

nothing → return xs
(just a) → sampleList sampleA (xs ++ [ a ]) (reindexD (a ::_) φ)

Hopefully some of this is code is now obvious. We take the distribution φ over List(A), and use it to create
a distribution over MaybeA, from which we sample to obtain either the empty list, or the first element a
of the list to be produced. If the latter, we reindex φ to create a distribution from which to sample the rest
of the list. The one new idea is that because lists are recursive, we need to store the list we have already
constructed, attach the next element sampled, and then pass this new list on to the next recursive call until
termination is reached.

Generalising from lists to trees, we have another complication in that trees can have more than one
recursive substructure. To sample from trees with labels from S and branching degree P : S→ Set, we
assume that we can decide if the growth points P∗(x) of the snoc-tree built from (S,P) are empty or not,
and that we can sample from P∗(x)-indexed products of S. Both of these assumptions are satisfied if P(s)
is finite for each s ∈ S, since then P∗(x) will be finite as well. To sample from such a tree, we use an
accumulator snoc-tree s∗:

sampleTree : ((x : S∗) → P∗ x ⊎ (P∗ x → ⊥))
→ ({x : S∗} → D (P∗ x → S) → R (P∗ x → S))
→ (s∗ : S∗)
→ D (P∗ s∗ → Tree (S , P)) → R (Tree (S , P))

sampleTree P∗-decide-Empty sampleS s∗ φ with P∗-decide-Empty s∗
... | inr P∗-empty = return (toTree S P (s∗ , P∗-empty))
... | inl _ = do

g ← sampleS (mapD (root ◦_) φ)
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sampleTree P∗-decide-Empty sampleS (cont s∗ g)
(reindexD (λ f p∗ → sup (g p∗ , λ x → f (p∗ , x))) φ)

If P∗(s∗) is empty, then we convert s∗ back to an ordinary tree, and take this as our result. Otherwise
we sample one more layer of snoc-tree using the sampler for products of S, and add this layer to our
accumulator in a recursive call, conditioning the probability distribution accordingly.

6 Conclusions and Future Work

We have presented the notion of snoc-trees, and developed their meta-theory using both initial algebra
semantics and containers. We have shown how they can be used to give compositional sampling algorithms
(similar to a variant of Boltzmann sampling [7]) where we build a universe of types, and show that if we
can sample over Booleans, we can sample over all types in that universe.

There are a number of avenues of further research to consider. From a data type perspective, one can
always extend the results in this paper to create snoc-variants of inductive families, inductive-inductive
definitions, etc, or develop forms of shortcut fusion for snoc-trees. All this seems straightforward. What
most interests us, though, is the use of snoc-trees. We plan to complete our type-driven approach to
sampling by formally verifying that the distribution of data created by our algorithms matches that of the
input distribution. In doing this, we definitely want to extend our universe to contain final coalgebras
— we see no difficulty and only time prevented us from including them in this paper. Further, we can
consider the algebraic properties of sampling, e.g. to what extent is the collection of sampling functions
natural? More generally, snoc-trees is a natural data structure when working with inductive data types that
have substructures that are not independent, and thus must be grown in lock-step.
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